Abstract .. We establish numerically the validity of Huberman-Rudnick scaling relation for Lyapunov exponents during the period doubling route to chaos in one dimensional maps. We extend our studies to the context of a combination map. where the scaling index is found to be different.
Introduction
The behaviour of nonlinear dynamical systems can be analysed most extensively using one-dimensional iterative maps. These maps undergo a transition from regular to chaotic behaviour at certain values of the system parameter; the most prominent route for this transition being the period doubling scenario [1] . Studies related to the universal nature of indices associated with this scenario have resulted in the classification of one-dimensional maps into different universality classes, based on z, the order of the maximum of the map [2] . The chaotic state is detected most often, using an index called the Lyapunov characteristic exponent (,t). It gives a quantitative measure of the average separation of two initially close orbits as the system evolves in time. A positive value for· A. is an unambiguous signature ·of chaos while a negative value implies periodic or quasiperiodic behaviour in the system. As such, A. can be referred to as an order parameter in the transition from periodic to chaotic state. In this context, the scaling behaviour of A. during the transition from order to chaos is important and interesting in understanding the onset of chaos in the system. The nature of this scaling near the period doubling accumulation point has been theoretically worked out for one dimensional maps by Huberman and Rudnick [3] . They have shown that the Lyapunov characteristic exponent follows the relation, (1) where a oo is the value of the control parameter a at the period doubling accumulation point and In2 V = -(2) lnb P R Krishnan N air et al b being the Feigenbaum universality constant. This scaling law in the context oC quadratic maps has been verified experimentally using a sinusoidally driven diode circuit [4] . A scaling theory for noisy period doubling transition to chaos has been developed by Shraiman et al [5] in which it is shown that in the limit of the noise amplitude tending to zero, the Hubennan-Rudnick [H-R] relation is recovered.
The H-R relation indicates that the exponent v depends' on z through b which is different for different universality classes. However, it is not clear whether v may depend on..z in some other way. To the best of our knowledge, no numerical investigations have been 'reported for z other than 2. In this paper, we report the results of a detailed numerical study of the scaling law near aa:) in one dimensional maps for different z values. We prove the universal validity of the H-R relation and at the same time extend the studies to combination maps. Such maps, when combined using maps belonging to the same universality class and therefore with the same b value are found to have different scaling indices. This paper is organized as follows. In § 2 we' give the details of our numerical analysis for maps of different universality classes. The period doubling accumulation point aa;J for different z-values are detennined and the nature of the scaling of ).
obtained by plotting 10gl against logla -alXll. In § 3 we extend the analysis to a combination map defined there. The salient features of this map during the onset of chaos and the scaling of its). are included. Our concluding remarks and comments are given in § 4.
Scaling law for general one-dimensional maps
We start by considering maps of the form, (3) dermed on the interval'( -1,1), with the control parameter at lying between 0 and 2. This is a unimodal map with the critical point Xc = 0; z denotes the order of the maximum at Xc' This map can be transfonned into one on the unit interval (0, 1) by a nonlinear transformation [1] .
The transformed map then becomes
withO<a<4 and Xc=t.
The Lyapunov characteristic exponent in the context of such maps is defined as
This can be used as such-in the computation of.A. for different z-values [6] . However, a numerical analysis poses the following difficulties. Since round off errors may possibly build up in a. computer, ).. can be computed only by setting an upper bound for N which may lead to some truncation error. In our computations N is fixed as 10,000. Again the proximity of a large number of periodic windows within the chaotic regime near the accumulation point reduces the number of useful values of)., especially
for large values of z. But this can be overcome to some extent by adding a very weak noise to the system. Such a noise term smoothens the curve for A. against.a [7] . Thus for high values of z, we added a small amplitude noise term ~ to-15 , for computational purposes.
Starting with z = 1'2, the 1 values for the map (4) are computed with values of a increased in small steps. The value of a", at which transition to chaos is roughly estimated as that value of a at which A. changes from negative to positive value for the first time. Then the value of a is varied in further small steps around this rough estimate and a better value for aa) is obtained. Continuing this process, the value of a oo is determined up to an accuracy of 10-6 -10-8 . The Lyapuno,v characteristic exponent (1) is then computed for a number of values of a> a", and very near to aa)' This was repeated for different z-values.
For higher values of z,l in the chaotic side near a<tJ changes to negative values quite often. This is due to the presence of a large number of periodic windows in the chaotic regime. The variation of am with z is sketched in figure 1 . For large z, the value of a<tJ approaches the fully chaotic limit a = 4 and the entire chaotic regime shrinks to a, narrow region in the parameter space. Since the chaotic regime has to accommodate all the periodic windows, it is clear'that a large number of periodic' windows will be found near a oo , especially for high values of z. The addition of a small noise can wash out the fine structure of the periodic windows in the chaotic region. For z ~ 2, we added a Gaussian noise of zero mean and variance (}2. The typical strength for the noise amplitude was 10 -15. Such a low noise cannot seriously affect the scaling behaviour of the system. It is to be emphasized that even with noise, the problem of periodic windows cannot be completely overcome. Thus for very high z-values (z ~ 4~ we report the envelope scaling for 1, with the periodic windows avoided.
For each value of z, we obtain a plot of 10gl against logla -aool and the line of best fit is drawn. Its slope gives an estimate of v. A typical log-log plot is presented in figure 2 . From the available values of lJ for different z-values [8] , the theoretical value for v using (2) 
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(}29953 (}3266080 allowance for possible computational errors, we can say that there is excellent agreement with the H-R scaling relation.
Combination of two maps of the quadratic family
We consider the dynamics of a combination map obtained by combining a sinusoidal map with the well known logistic map. This map is thus an example of a two parameter one dimensional map and is given by,
Here both the maps fl(XII,Jl)=JlX,,(l-X II ) and f2(X",A)=Asin{nX n ) belong to the same universality class viz, the quadratic family.
The map defined in (6) has anextremum at X = i which is a second_order maximum figure 4) . It is interest~ng to note that the system retraces the entire period doubling route to chaos in the reverse order as A is slowly tuned and finally settles down to a one cycle for A ~ 0·2435. Here, the effect of the combination-of the sinusoidal term to the logistic one is to reduce. the height of the maximum at X = 1/2 as the parameter A is increased, as is clear from figure 3 . Further, if we start from a value of p. corresponding to one of the periodic cycles of the logistic map, by applying a negative value for A, the system can be brought to chaotic state.
It can be shown that in the one humped region of the map viz, (p/4 -1) < A < 2Jl/n2, the Schwarzian derivative of the function f(X '" p.A) is negative over the entire range (0.1) for X. This means that period doubling is generic in the system [9] .
By changing the value of p., a parameter space plot for the system is drawn ( figure 5 ).
This gives details regarding the transition from Ch~lOS to order and vice versa. to A = (P/4 -I). By extending tbis line upwards. we observe that we can increase the value of Jl beyond JJ = 4 also, by taking suitable high values for A.
Since the bifurcation curves in the parameter space (p.A) are parallel lines, it is clear that the Feigenbaum index 0 defined in terms of the bifurcation values A" for fixed IJ, must be the same as the lJ for the logistic map alone.
Scaling of rlu Lyapunov exponent
]n order to investigate the sca1ing behaviour of 1. for the combination map. we use the same numerical procedure discussed in § 2. Keeping the value of J.l = 4, 1. for the From table 2, it is clear that in all the cases studied for the combination map, the scaling index is entirely different from that for the logistic map. The scaling index for the combination map is almost unity for ~ll the cases considered. It is to be noted that this map has the same {) as the quadratic map. This would mean that the scaling relation in this case does not follow the H-R law. From the log-log plot for the combination map given in figure 6 , it is evident that the points lie exactly along a straight line. The proximity of the periodic windows does not seem to hinder the numerical computations in this case. This could mean that periodic windows are leSS in number or they have been smeared out by the additional term in the map.
In an attempt to see why the combination map doe~ not follow the H-R scaling relation, we carried out a d.etailed numerical analysis of the chaotic regime of the map. The control parameter A is slowly and carefully varied and a series of bifurcation 1 c.
In (A-A«J ) Figure 6 . 
Concluding remarks
The work presented above establishes the validity of Huberman-Rudnick scaling law for different universality classes of one dimensional maps. However, we also find that it is possible to consider certain combinations of maps for which the HubermanRudnick law is not obeyed, as far as the scaling of the Lyapunov characteristic exponent is concerned. These combination maps have almost the same bifurcation structure as single maps. But our investigations indicate that the behaviour of the combination map in the immediate neighbourhood of Aco is entirely different. What we observe is a series of band splittings and mergings before the system enters the periodic region. The exact reason as to why the cascade of band bifurcations is not complete is not yet clear. This is currently being investigated.
